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Spinor Strong Interaction Model for Meson Spectra
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A model for a bound quark—antiquark system is constructed from quark spinor
equations and the associated pseudoscalar massless interaction potential equa-
tions in a way departing from conventional relativistic quantum mechanics.
From the so-constructed covariant meson equations, linear confinement arises
naturally. Nonlinear radial equations for the pseudoscalar and vector mesons in
the rest frame are derived without approximation. An internal complex space is
introduced for representation of the quark flavors. Quark masses are generalized
to operators operating on functions in this space. A simple model is proposed
for the meson internal functions and mass operators producing the squares of
the average quark masses as eigenvalues. The present space-time model calls for
a particle classification scheme different from the usual nonrelativistic one.
When combined with the internal model, it may account for the gross structure
of the meson spectra together with the form of an empirical relation. Upper
limits of bare quark masses are estimated from simplified analytical solutions of
the radial equations and agree approximately with the bare quark masses
obtained from baryon data in a companion paper. The radial equations are
solved numerically yielding estimates of the strong interaction radii of the
ground state mesons.

1. INTRODUCTION

In the many attempts to account for the hadron spectra in the years
after the proposal of the quark hypothesis of Gell-Mann and Zweig during
the early 1960s, the Bethe—Salpeter (BS) equation, in its various simplified
forms, has naturally emerged as the dominant starting point. In the mid-
1970s, quantum chromodynamics (QCD) was advocated, in the wake of
the advance of the electroweak gauge model of Weinberg and Salam, as the
theory for strong interactions (e.g., Particle Data Group, 1990). Following
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this development, a hadron spectra model was proposed (de Rujula et al.,
1975) which includes some essential phenomenological and unique features
of QCD but is still based upon starting points which may be regarded as
some coarse approximation of the BS equation. This and related
approaches have been pursued and improved upon by many authors,
notably Isgur and Mitra [e.g., see references in Lichtenberg (1987)], result-
ing in a large body of literature, part of which has been reviewed by
Lichtenberg (1987).

Many of these QCD-oriented models yield good and encompassing
but parameter-dependent and incomplete agreement with data. These have,
however, among numerous difficulties, two main ones. In the first place, the
confining potentials employed are in principle ad hoc assumptions, as QCD
has not been proven to be confining. Second, the BS equation has been
simplified in so many ways that it is not possibie to estimate adequately the
consequences of the various approximations, notably departure from
relativity. It is therefore desirable to replace the QCD-oriented BS equation
approach by one free from these difficulties.

The purpose of this and a companion paper is to present such an
approach. The present model consists of a main space-time part and an
internal part. In the former, approaches based upon conventional rela-
tivistic quantum mechanics are abandoned. Instead, quark and antiquark
spinor equations are multiplied together and the product wave functions
subsequently generalized to meson wave functions. The quark and the
antiquark are assumed to interact via a strong massless pseudoscalar
potential. The multiplication and generalization method is also applied to
the associated potential equations. In the rest frame, the equations so
obtained can be separated into a set of singlet and a set of triplet equations.
These can be reduced to sets of three-dimensional equations in which a
linear type of confinement arises without approximation. For pseudoscalar
and vector mesons, the three-dimensional equations further reduce to one-
dimensional nonlinear integrodifferential equations. An - approximative
analytical solution to these equations is obtained. This part is treated in
Sections 2—4 and 6-8.

The second part of this paper deals with internal aspects of quarks and
mesons. The composite quark-antiquark nature of mesons is emphasized at
the expense of conventional unitary symmetry group classification. Internal
space is introduced as well as mass operators operating on functions in this
space. The approach draws upon analogy to that of the space-time part and
puts space-time and internal coordinates on an equal footing. A simplified
internal function and mass operator model is presented. This part is treated
in Sections 5 and 9.

Application to data and discussions are given in Section 10.
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2. BASIC IDEA

Conventional relativistic quantum mechanics and quantum field
theory, from which the BS equation can be derived, and Pauli’s spin-
statistics theorem have been constructed for observable particles and fields.
Therefore, they do not have to hold in their entirety for quarks and QCD
gauge fields, which have not been observed. This is in contrast to the
“standard” electroweak gauge model, which describes observed leptons and
gauge quanta. Therefore, quarks in hadrons do not have to obey Pauli’s
theorem, so that “color” in QCD, introduced at first to appease this
theorem, is not necessary. The role of color may be taken over by the
internal coordinates to be introduced later.

Similarly, the BS equation does not have to hold for quarks in
hadrons. This is made plausible by considering a ground-state meson
whose BS wave function has 16 components, far exceeding the minimum of
4 wave function components (1 for singlet and 3 for triplet) needed to
specify the orientations of the meson externally. The constituent particles
of positronium, successfully accounted for by the BS equation, can in
principle be separated and obey Dirac’s equation. The quark and antiquark
in a meson cannot be separated; the meson may therefore require a
description different from that given by the BS equation.

In the absence of guidance from conventional field theory, the last
paragraph provides a clue to the construction of hadron equations. Other
hints are provided by the spinor form of the constituent quark or Dirac
equations and by hadron data. The way in which these equations are
constructed below is basically heuristic. Its choice is in principle free as
long as the resulting equations are Lorentz covariant and can account for
data, in the spirit of logical positivism.

3. HEURISTIC CONSTRUCTION OF A BS EQUATION

A clue to the construction of the meson equations below is provided
by the following heuristic construction of a BS equation in the ladder
approximation. Consider two interacting spin-1/2 particles. Particle A with
mass m, is acted upon by a massless pseudoscalar potential ¥y generated
by particle B with mass my and vice versa. Fach particle is described by a
Dirac equation:

(iyﬁ@m —maA) Y a(x1)= —ysa Ve(xr) ¥alxy) (3.1)
(775 Oy — mp) Ya(x) = —7sp Vealxn) ¥p(xn) (32)

where x; and x; are space-time coordinates of particles A and B, respec-
tively. Some of the symbols are defined in Appendix A. Multiply the left



1114 Hoh

side of (3.1) by the left side of (3.2) and do the same to the right sides. The
resulting equation is put in the form

(YA 01— mA )y g0y — my) l//A(xI) Yp(xy)
= Veg(xy) VPA(XII)YsAYSB'//A(XI) Yp(xu) (3.3)

Assume now, in an ad hoc manner, that the product functions in (3.3)
separable in x; and x;; can be generalized into nonseparable ones due to
the mutual interaction of A and B:

Y a(xp) Yelxn) = Pxy, Xn) (34)
Vep(x1) Vealxn) = dps(lx1—xnl) (3.5)

Substituting (3.4) and (3.5) into (3.3), we obtain a BS equation in the
ladder approximation. ¥(x;, xy;) is now a 16-component BS wave function
amplitude and @pg(|x;—x;;|) some interaction function depending upon
the specific form of the pseudoscalar interaction.

4. CONSTRUCTION OF SPINOR MESON EQUATIONS

As was mentioned in Section 2, the BS wave function has too many
components for mesons. A clue here is given by a form of Weinberg’s
(1964) equations, which for second-rank symmetric spinors read

00y s(x,) = —m2Y(x,)

(4.1)
8 a0 i (X, )= —mi y34(x,,)
Here, m,, is some constant mass and &,, and x,, are the same as those in
Appendix A with the subscript I - w. The ¥ and y have six components,
fewer than the ten components of the symmetric part of the BS wave
function (3.4).

The quark and antiquark in a meson are assumed in this paper to act
upon each other via a strong massless pseudoscalar interaction. This is
supported by data which are consistent with a scalar confining potential in
mesons (Lichtenberg, 1987). Equations (3.1) and (3.2) are now reinterpreted
to represent a quark g, and an antiquark gg, respectively, under mutual
massless pseudoscalar interaction. This is possible since (3.2) is covariant
under the charge conjugation transformation

WB(XII)_*iV%‘//g(XU) (4.2)
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which converts quark ¢y to antiquark §g. The above reinterpretation is not
to be taken literally, as it implies that quarks can be observed. Rather, (3.1)
and (3.2) now serve as means in constructing the meson equations. The
same holds for the following potential equations to be attached to (3.1)
and (3.2):

O Ves(x) =ga gB'LB(xI)VSBWB(xI) (4.3)
UnVealxn)=gs gA‘/;A(XH) Vsat alxy) (4.4)

where g, gg is a coupling constant. Some symbols employed in this Section
are also defined in Appendix A.
In spinor form, (3.1), (3.2), (4.3), and (4.4) are written as

0% a(x1) = Von(x1) Y (1) = ima ¥ (x1)

(4.5)
OrpWa(xt) + Vep(or) 2ap(x1) = imaxas(x1)

0F wpelxm) = Voaloxn) Y () = im§yg(xy) (4.6)
aIIéfl//j];(xII) + Vpaloxn) xp:(xu) = im§ xpo(x1)

O Ven(xr) = i3 ga ga(Wa(x1) xmo(x1)
~ s (0) (1)) (47a)
O Vealxu) =i3 84 (W alxm) Xadlxn)
— X ac(Xu) Yalxn)) (4.7b)

where repeated space-time indices are summed and the dot implies complex
conjugation. my here becomes m} formally in view of (4.2).

Following Section 3, the left and right sides of the quark equations
(4.5) are multiplied into the left and right sides, respectively, of the
antiquark equations (4.6). Similarly, the left and right sides of (4.7a)
are consistently multiplied into the corresponding sides of (4.7b). The
resulting product wave functions are then generalized into nonseparable
forms below, similar to (3.4) and (3.5):

Las(x) W) = xd (e xy) = 14

‘/’Z(XI) Ape(X) = Yilxy, xy) =¥§

Xac(x1) 1me¥nr) = Xeolxn, Xpr) = Xee

Yale) Yh(xn) > (e, xp) =y (4.8a)
Vea(x1) Vealxy) = ¢p(xp, xy) =5 (4.8b)
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These relations, together with the corresponding generalization for internal
functions and operator in (5.3) below, constitute the basic hypothesis of the
present model and mark the departure from conventional relativistic quan-
tum mechanics.

The equations so generalized read

08 150 — $p ¥+ Va0 uf = Ven¥i05f = —mumiy?
6Ic'blpbfallfé_¢l’xc'é_ VeaOiWl + VPBX{aIIfé= —mamgy,, (49a)
aféxgallfé-¢Plﬂbg + VPAaill;XI;é— VPBl:bafaIIféz —mamiy

Orap W05 — doal— Vealrp¥™ + Vet o0 = —mamEyl  (49b)

01 Ondp(xy, Xn) = 584 g6V 5(xm, x1)(xalx¥y, x1))*
+ 20500 X)W 30y, x0))* — Y 0o, x0) (X ap (s X1))*
— Xap (X X)W (xyr, x1))*] (4.10)

where y0 means Jy. Equations (4.5)-(4.7), (4.9), and (4.10) constitute a
self-consistent set of equations describing, tentatively, a quark ga(W¥a, xa)s
an antiquark §g(5, x3), @ rank-2 tensor field (¥, y,,), and a mixed rank-
2 tensor field (¥4, y9) interacting via Vps, Vpp, and ¢p. In the absence of
interactions, (4.9a) reduces to the Weinberg equations (4.1) in the limit of
X, = Xxg=x, with my >mf=m,,.

Consider now a possible representation of mesons by this set of equa-
tions. The mesons are obviously represented by the mixed tensor fields y§
and y? in (4.9b) and (4.10). Since no free quark exists, the quark and anti-
quark fields of (4.5) and (4.6) can be put to zero. From (4.7) it follows that
also Vpa=Vpp =0, in agreement with absence of massless pseudo scalar
particles. Due to the covariance of quark and antiquark wave equations
under (4.2), the antiquark equations may also be reinterpreted as quark
equations. In this case, y* and y,, of (4.9a) are associated with what may
be called a diquark. This arbitrariness in interpretation and apparent
absence of free diquark suggest that y** and y,, can likewise be dropped.
With these interpretations, (4.9a) and the last two terms in the brackets of
(4.10) also drop out and (4.9b) and (4.10) become

6?5X£(x15 X11) O = (Pp(xy, Xyp) — M) Yix,, xy) (4.11a)
alc‘b‘/’g(xla XII)afId= (p(xy, xq) — Mzm) X?('xls Xp1) (4.11b)

Uy Ongelxg, xn) = %gi g%} RCWZ(OCH, xl)(Xf-,(xn, XI))*] (4.12)

where Re denotes real part and m,m§ has been replaced by M2, according
to the assignment below (5.4). These are the space-time equations assigned
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to mesons. Lorentz covariance is manifest from their spinor form. Under
spatial reflection, (4.1la) and (4.11b) turn into each other, (4.12) is
invariant, and x9(x¥, x5, x3, Xg1) = ¥(x?, —xy, X3, —Xxp) together with
the same relation with y <> .

The self-consistent nature of these equations is similar to that of the
usual basic equations for pion—nucleon scattering; the difference lies in the
order of the equations.

5. INCLUSION OF INTERNAL COORDINATES

Hadrons are also classified by internal properties, like up, down, etc.
Let z%, z%, ..., z" be a set of complex variables providing a space in which
unitary transformations U, can be carried out (e.g., Bég and Ruegg et al,
1965; Sharp and von Baeyer, 1965). Let the up (u), down (d), strange (s),
charm (c), and bottom (b) flavored quarks be represented by ¢'(z), é(z),
&4z), and &3(z), respectively, transforming like z',...,z° under U,.
Let (z")*=2z, and (&(z))*=¢,(z) be associated with the corresponding
antiquarks. Here, z denotes z* and z, with v=1,2,..., n

Equations (4.5) and (4.6) are now generalized to include internal
properties; (4.5) is multiplied by ¢£(z;) from the right with m, therein
replaced by an internal operator m,,,(z;, 6/0z;) and (4.6) is multiplied by
¢p(zyy) with m replaced by my,,(zy;, 8/0zy). These now become

3%y as(x1) ER(zy) — Vpp(xy) W (xy) E8(zy)

= i aopl21, 0/02y) Y4(x1) EX(21) (5.1a)
OrpWa(x1) ER(z0) + Ven(x1) 2a5(x1) CR(21)

= M aop(21, 0/0z1) % as(¥1) €4(21) (5.1b)
05t xpelx10) Eprlzr) — Voalen) ¥50xyr) Elznn)

= im,p/zn, 0/0zn) Y3 (xy) & (zn) (5.2a)
Ot 5 () En(zu) + Vea(¥nr) xpe(nr) €z

= im§,,(zy, 0/0zn) Xp:(Xnr) Enr(Zn1) (5.2b)

Wa(x;) EX(zy) and y,;(x;) EX(zy) in (5.1) now represent the total quark
wave functions. Equations (5.1) and (5.2) are multiplied together and the
generalization (4.8) is repeated. In the resulting equations which replace
(4.9), the generalizations

¢R(zy) Eplzn) = €721, 21) (5.3a)
onp(Zb a/azl) mgop(ZID a/azll) - m20p(219 a/azla Zyy, a/aZII) = m20p (53b)

902/32/7-4
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are made by formal analogy with (4.8a) and (4.8b), respectively. Analogous
to the right sides of (4.8), the right sides of (5.3) are generally not separable
in z; and zy;. Repeating the reasoning following (4.10), (4.11) is replaced by

ﬁi’éxg(xl, xyp) E7,(215 Zy) Oppe
= (dp(xy, Xqp) — m20p) Yilxy, xy) &8 (21, zny) (5.4a)

aléb'//g(xl, xy) E7 (21, ZII)afId

= (gp(x|, Xy) — m20p) X?(xp xyp) €7 (zy, zn) (5.4b)

The total meson functions are then xf(x, xy) &%z, zyy) and
Yh(xy, xy) €7 (21, zyy), which have to be eigenfunctions of m,,, having an
eigenvalue M 2. Equation (5.4) can be separated into a space-time part
(4.11) and an internal part

m2op(215 0/0zy, zy, 0/0zy;) £ (21, zy) = anfpr(zl, Zn) (5.5)

Equations (5.4), (5.5), and (4.12) are the proposed spinor meson equations
in the present model subjected to the symmetry condition (9.2) below.

6. REDUCTION OF THE SPACE-TIME EQUATIONS
Consider first (4.11) and (4.12) and put

Yolxr, Xn) =¥ (X, X8
230 X0) = Leo(Xps X)) e
YO =o(xy, xqp) — 6% (X, xyp)
Lee = Xo(X1, Xy) + 042" (X1, Xq1) (6.1a)

Here ¢* and ¢,, are the usual antisymmetric index raising and lowering
operators and ¢ are the Pauli matrices, so that

Vo=30" +yP) =301 -y}
W =303 gh W+ v+ yd)

Thus, the singlet ¥ is the antisymmetric part Y%= —%, while y’ is the
symmetric part y§ =y5. The same also holds for y{ and yx'.
Introduce the relative and laboratory conditions

(6.1b)

xt=xt—xt, Xt=(1—-a,)x{+a,x4 (6.2)
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where a,, is an arbitrary constant. Consider a free meson and let
Yol Xy =e ™ Yo(x*), W'l xp) =e” Ty (x4)  (6.3)

together with analogous expressions for y, and y'. Here, K, = (E,, —K),
E, denotes the rest mass of the meson, and K its momentum. With (6.1)
and (6.2), (4.11a) is written in the form

[a,(1—a,NE3+K?)+ 33+ 4+i(1 —2a,)(E.0,—Kd)xh
+(20,0+ i(1 —2a, )(E,0 —Kéy) —2a,,(1 —a,,) EfK+Kxd] 6y
+ [a,(1 —a NEZ—K?) + 82— A +i(1 —2a, Eyd,+Kd)] oy’
+ Ego(0xy’) + [260 + 20y + i(1 — 2a,, )(E;— oK) ] 0y’
— [i(1 —2a,,)(0y + 60)+ 2a,,(1 —a,,)(E,—eK)] Ky’
+(0+0,0)(Kxy')=(dp— M7 )5~ oy') (6.4)

where 8y = 0/0x°, ¢ = 0/0x and 4 = 8. Equation (4.11b) becomes the same
equation with y <>y and opposite signs for the cross products. Solutions
having the following relative time x° dependence are sought

iwox®

p(x*)=e""p(x),  @=¥0 ¥, X0, A’ (6.5)

where o, is the relative energy among the quarks. The arbitrary constant
a,, is chosen to be

4= o/Ey+ 3 (6.6)

The time dependence of ¢ and x{ then takes the form of
exp[ —iEq(x? + x3)/2]. The rest frame K=0 will be worked out below.
The singlet and triplet parts of (6.4) can now be decoupled. Equation
{(4.11Db) is treated in the same way. The set of decoupled equations reads

(E5/4+4) 1o(x) = (¢p(x)— M) Yro(x) (6.7a)
(E3/4+4) yro(x) = (¢p(x) — M7,) xo(x) (6.7b)
(—E3/4+4) 3/ (%) —20(dy/(x)) — Eo 0 x x/(x) = ($p(x) — M) w'(x) (6.82)
(—E5/4+4) w'(x) —20(0y'(x)) + Eg 0 x y'(x) = ($p(x) — M) 1'(x) (6.8b)
Here ¢p(x) is found by combining (4.12) with (6.1)-(6.3) and (6.5);
Addp(x) =g} g5 Re(y'(—x) x*(—x) —o(—x) xo*(=x))  (6.9)

which also holds for K #0 and without using (6.6).
Let S denote the spin of the ground-state mesons; then S=0 and 1 refer
to the singlet functions ¥ and y; and the triplet functions y' and y/,
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respectively. The lowest order equation obtainable from (6.7) is found by
putting (x)= + x5(x). Under spatial reflection, (6.2) and a statement
below (4.12) show that the S=0 meson wave functions transform as

[¥o(x), xo(x)] = [¥o(x), £¥o(x)]
= Lxo(—x%), ¥o(—x)]= = [¥o(—x), 9o(—x)]

In the absence of angular excitation, yo(x)=1g(|x]), the + and — signs
then refer to J” (J=total spin, P=parity)=0" and 0~ or to scalar and
pseudoscalar mesons, respectively. For 07, (6.7) leads to a sign change of
épo in (7.3) below and nonconfinement. For 0, (6.7) becomes

(EG/A~ M7+ 4+ ¢p(x)) Yo(x)=0 (6.10)
Yo(x)=yo(X) gs &n (6.11)

which together with (6.9), putting w’ and y’ to zero, form a set of nonlinear
equations describing S=0 mesons at rest. Analogously, (6.9) without the
Yoxo* term and (6.8) describe S =1 mesons at rest.

Equation (6.10) shows that EZ, the square of the meson mass, consists
of a bare quark mass part M2, a quark-antiquark interaction part ¢p and
a kinetic energy part A associated with the relative motion of the quark
and antiquark.

For slow mesons or small K, (6.4) shows that y', ¥’ and ¥}, xo will
be of order |K| for S=0 and 1, respectively. Thus the triplet and singlet
wave functions corresponds to the small and large components for S=0
and vice versa for S= 1, analogous to those for S = 1/2 particles described
by Dirac’s free particle equation. _

For very fast mesons, K= (0,0, K— o); ¢p, M2 and the & terms in
(6.4) can be neglected and the required relation EZ = K? is satisfied if

0,=0,  X3=10 (6.12a)
wo=*K,  yi= -0, x1= ix5 (6.12b)

where ¥’ = ()}, 15, x3)- The same result also holds for y — .
7. LINEAR CONFINEMENT AND THE S=0 EQUATIONS

The Green’s function for (6.9) satisfies

AAG (X, X' )=d(x —X') (7.1a)

1
G, (x,X)= ~ % |x —x'| (7.1b)
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There are, however, also homogeneous solutions to (6.9) proportional to
|x|2 |x[ ™!, and a constant. |x;] ! and |x;| ! are also proportional to the
Green’s function associated with the massless pseudoscalar interaction of
(4.7) if the quark wave functions i and y have the time dependence of the
type of (6.5). In this case, (4.7) also allows a constant as a homogeneous
solution. Now this time dependence cannot be assumed in general. In such
cases, the right sides of (4.7) will be time dependent and the constant as a
homogeneous solution to (4.7) must vanish, apart from a modification of
the Green’s function itself. The same holds if the interaction is assumed to
be slightly massive. Since the constant homogeneous solutions to (6.9) and
(4.7) are of the same nature, the former can also put to zero here, in view
that the present equations may be some idealization of more general ones.
It can be shown that the homogeneous solution |x|? to (6.9) is also a
counterpart to the constant homogeneous solution to (4.7) and can there-
fore likewise be put to zero.

With these considerations, (6.9), (6.11), and (7.1) for the S=0 mesons
can be combined to yield

$ox)= — o [ X =X W =X+ dpofX (72)

where d,,, is a constant. The nonlinear nature of (6.7)-(6.9) makes it
possible for the coupling constant g, g5 to be absorbed into 4 as in (6.11).
At large separations, (7.2) shows that ¢p(x) oc —|x| is linearly confining.
Near x=0, the |x|~' term dominates. Apart from its coupling to the
8§=0 equation (6.10) via 4, (7.2) is just the type of potential success-
fully employed in potential models for mesons (de Rijula et al, 1975;
Lichtenberg, 1987).

The linear confinement arises naturally from the formalism and cannot
be interpreted in conventional terms, as the construction of the theory
departs from conventional methods. Such a linear potential is known in the
literature in another context. Further, y,(x) is fixed by the nonlinear
equations (6.10) and (7.2) and its interpretation is also unknown. Should
the theory be useful, new concepts may then be formed to join existing
ones to account for the mathematical formalism and data in words.

Equations (6.10) and (7.2) are the space-time part of the S=0 meson
equations and form a single nonlinear integrodifferential equation in three
dimensions. Let now x be converted to spherical coordinates (r, 9, ¢). In
the absence of angular excitation, ¥, (x) — ¥o(r) and ¢ p(x)—> ¢ (r). The
three-dimensional equations are then reduced to the following equations
equivalent to a nonlinear ordinary singular integrodifferential equation:

[E2,/A— M2+ 0%0r* + 20/0r + ¢ po(r)] Yo(r) =0 (7.3)
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Pro= —1% [fr dr' yi(r') r*Br+r'%r)
4]
~ +j°° &' 2(r) r’(3r’2+r2):l+dm0/r (7.4)

where E,, replaces E, associated with §=0. These equations are assigned
to pseudoscalar mesons, as is shown in the derivation of (6.10).
In the » - 0 and co limits,

Yolr—=0)=dy or  djr ! (7.52)
Brolr=0)= =3 [ " PYHP) dr+ dpolr (7.5b)
Volr = 0) = don (BL3r) KisQ(BBN™/3)  (160)

ralr = 0) = —3r [ PR dr' = — Bror (7.6b)

y
where K denotes the modified Bessel function of the second kind and the
d’s are nonfree constants fixed by the nonlinear equations. Should eigen-
solutions exist, (7.3}-(7.5) can be solved numerically on a computer.

An estimate of the lower limit of the eigenvalue of (7.3)~(7.5) can be
obtained if it is assumed that the solution ,(r) is regular at r=0 and is
largely confined to that region, so that the integrals in (7.4) can be neglected.
A hydrogen atom type of spectrum is then found:

Ego/4— M2 = —(dpo/2n,o+ 1)) (7.7)

where n,, denotes the radial quantum number.

The more general (6.10) and (7.2) are not separable, due to the
angular dependence of ¢p(x). However, this angular dependence vanishes
at the r >0 and oo limits, where y/,(x) can be separated,

Yo(x = 0) x dyr'Y,.(9, @) or o T Y (9, @) (7.8)

Yo(x = ) =dyo (Brmoir)™? K1/3(2(ﬁm01”)1/2/3) (79)

Here, the d’s are constants, Y, is the usual spherical harmonics, and 8,,,,
is given by (7.11b) below. In these limits, (6.10) becomes

[ES/4— M2+ 0*0r* +20/0r — 11+ 1)/r* + ¢ p(x = %) T Pro(x = %) =0
(7.10)
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with
1
$olx—0)= ~ = [ dX x| Yol %)+ dyo/r  (T112)

1
Brlx = 00)~ — g1 [ X Wo( =X = —por  (711b)
assuming that a confined solution ,(x) exists.

8. S=1 EQUATIONS

For the S=1 mesons, the counterpart to (7.2) is

1

$p(x) = =2 [ &X' [x=X| Re(W(—X) x* (=X N+ du/r  (81a)
1

v(x)=v'(x)gagn  A(X)=%"(X) g 28 (8.1b)

where d,, is a constant. Equations (8.1) and (6.8) are the equations for
S=1 mesons. This set of three-dimensional equations is likewise not
separable generally. In the absence of angular excitation, however, the
ansatz

w(x)=xy¢,(r)/r= £ y(x) (8.2)

reduces the pair of three-dimensional equations (6.8) into two one-
dimensional equations. Under spatial reflection, the S=1 wave functions
transform like

[w(x), x(x)]= [w(x), 2w(x)] = [x(—x), w(—x)] = F [w(x), 2y(x)]

The + and — signs refer to J¥=1" and 1%, respectively, when (8.2)
holds. Analogous to the 0" case preceding (6.10), the 1+ equation leads to
nonconfinement and is therefore dropped. The 1~ form of (6.8), (8.1), and
(8.2) can be worked out to yield

[E3 /4— M2 +0%/0r* +28/0r —2/r* + ¢py(r)1 ¢, (r)=0 (8.3)

b= =] [ v s

#f " ar wH ) |+ dai (8.4)

r

where E,; is associated with §=1 and replaces E,. These equations are
essentially the same as the 0~ equations (7.3) and (7.4) except for the extra
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—2/r? term in (8.3) signifying its S=1 nature. Therefore, (7.5) and (7.6)
hold with the subscript 0 replaced by 1, except for the right side of (7.5a),
which is replaced by d,r or d;r~2 and the redefined d, are similar nonfree
constants. By making the same assumption as those preceding (7.7), it is
seen that

E/A—M}, = —(d,/2(n,, +2)) (8.5)

where n,,; denotes the radial quantum number.
Similar to the S=0 case, ¢p(x) of (8.1) is also independent of the
angles in the » > 0 and oo limits and takes a form analogous to (7.11):

1
#p(x—0)x — = [ d*x [x| R(W(—X) *(=x)) +d,/r  (8:6a)

1
$p(Xx > 0)x *8—nrjd3x Re(y(—x) x*(—x))= = B,ur  (8.6b)

In these limits, the generally nonseparable (6.8) can be separated and
reduced to one-dimensional equations. These and their solutions are given
in Appendix B.

Should solutions for all r exist for these in effect sixth-order equations,
(BS) shows that there exist several solutions for given / and radial wave
number. This calls for a particle classification different from the usual
nonrelativistic one (Particle Data Group, 1990).

9. MODEL FOR INTERNAL FUNCTION AND MASS OPERATOR

In the above sections, M2 has been regarded as a constant, formally
obtained from (5.5). To determine its value, a simple model of the internal
meson function {?(zy, z;;) and mass operator m,,, of (5.5) is considered
below. For simplicity, let z,=z, 8/0z;,=0,, zy=u, and 0/0zy=0,. The.
simplest form of internal quark functions is &4(z;)=2z” and &g (zy) =u,
conventionally adopted in the literature. Their product z”x, is the corre-
sponding meson internal function. Since z; and z; are in principle not
observable, an interchange among them cannot be detected. Thus, the total
quark wave function of Section 5 can for instance be y,.(xy) &4(z;) or
X as(x1) E2(zyr). This degree of freedom allows an internal symmetry so that
not only z”u,, but also z,u” may.be associated with the same meson. The
right side of (5.3a) can thus be (”(zy,z;) also. Thus, the simplest
generalized internal meson functions symmetric and antisymmetric in z and
u are

éSPr(ZDZII)=£Spr=Zpur+zrup=éSrp (913.)

éApr(ZlaZII)zéAprzzpur—Zrupz —éArp (91b)
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The associated internal index symmetry mirrors the space-time index
symmetry of (6.1b). For agreement with baryon data, it is postulated in
Section 4 of Hoh (n.d.-a) that the total hadron wave function must be
symmetric under simultaneous interchange of any two pairs of quark
indices. This is equivalent to the assumption of the so-called symmetric
quark model and implies that

Wi(x1, Xy) E8 (21, zn) = l//Z(xn xy) §,7(z1, Zn) (9.2)

Combining (9.1), (9.2), and (6.1b), it is seen that the total S=0
and S=1 meson wave functions are ¢4, and y'¢% , respectively. The
postulate renders these to be unique by excluding the antisymmetric
combinations, much like the limiting effect of Pauli’s theorem for identical
particles in conventional quantum mechanics.

Inserting the simplified quark internal functions into (5.1) and (5.2)
and identifying with (4.5) and (4.6) leads to

onp = Z ms(Zsazs + usaus) (933)

m¥,, =2 m(z,05+u,0%) (9.3b)

where m, — m, and m§ — m, may be called the bare quark masses having
flavor p and antiflavor r and

0, = 0/0z° = 0/0z1, 0% =(0:)*

(9.4)
D= 0four =0/0zyy,  B=(0,)*
Here z and u may be regarded as creation operators standing to the left of
d, and 9, considered to be annihilation operators, in agreement with
normal ordering in field theory. From (5.3b) and (9.3), the following
general form can be written:

Moy = My (2P, 4P, 2,,u,,0,,+0,,, 0, +0,,m,, m,) (9.5)

Equations (9.3), (5.1), and (5.2) also indicate that m, is associated
with the annihilation operators and enters in the form of m,é,, and m,d,,

and their complex conjugates. One of the simplest forms of (9.5) having
dimension mass squared is

1 1 2
M3y (f) = [E m,(z70,, +u"d,,) + 3 m,(z,07 + u,a;)] (9.6a)
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where the bracketed terms can be said to be half of a bare quark mass
summing operator. When applied to (9.1), (9.6a) yields the eigenvalue

Equation (9.1), however, does not represent n°, p° ®, #, #,...,
mesons which involve two and three quark—antiquark pairs. Since the -
space-time part is the same for different flavors, only (9.1) and (9.6a) need
modification. Thus,

Efp=2'uy+zyu' + (2%u, + z,u%) (9.7)

is assigned to the w (upper sign) and p° (lower sign) mesons. For these
states, the generalization procedure of Section S implies that m,,, depends
upon all the quarks entering (9.7). As (9.7) possesses an additional sym-
metry in the interchange of the indices 1 and 2 and is furthermore invariant
under complex conjugation, the general form of m,,, is allowed to possess
similar properties. The corresponding simplest form of m,,, having (9.7) as
eigenfunction can be written as

1 2\_1 AW 2
m20p 1—2 _2m2op 1 2m2op 2 00

1
+3 [M0.0 4 1070,) (220} +1,0)

+m3(z'8,, + u'd,,)(z,0% +u,02)] (9.8a)
having the eigenvalues
1 2\ 1
M? == (m? 2 9.8b
2 (15) =5 04D (9.80)

If the two indices become one index, the extra symmetrizing terms in the
brackets of (9.8a) have to be excluded and (9.8a) reduces to (9.6a) with
0 =0. Equation (9.7) with u? - —u? is assigned to the n° meson and an
unobserved 0~ internal isosinglet, here denoted by p° (lower sign). When
applied to by (9.8a), (9.8b) is again obtained.

The n-meson internal function is

EP ) =z2'uy —z ut + 2%u, — zyu* — 227Uy + 22507 (9.9a)

For a simplified treatment, let the indices 1 and 2 collapse into one index
1; (9.9a) then has the same form as (9.7) with the lower sign, equations
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(9.8) with index 2 — 3 then apply. Let now the index 1 component be split
back into index 1 and 2 components and repeat the procedure from (9.7),
with the upper sign, to (9.8); one finds

M (n) =3(m? + m3+2m3) (9.9b)

The n’-meson internal function is
3
Ep(n)= ), (2'u,—z,u) (9.10)
s=1

Equation (9.8a) is now generalized to include a third index in the form of
the additional term m,,,(3)/2 and four more terms in the brackets to
include the combinations of indices 1 and 3 and of 2 and 3. When applied
to (9.10), it yields the eigenvalue

M7 (n') = 3(m3 +m3 +m3). (9.11)

10. APPLICATION AND DISCUSSION

In the following, electroweak effects as well as the difference of the
v and d quark masses will be neglected. Consider first the /=0~ and 1~
mesons. Their space-time parts are accounted for by (7.3), (7.4), (8.3), and
(8.4). Dividing (7.3) by (r), it is seen that the eigenvalue Ej,/4 — M2,
depends only upon y,(r) and some constants. A similar statement holds for
(8.3). The difference between these two expressions can be written as

E(Z)I_.E(2)0=Ll(nr1)_L0(nr0) (10.1)

where L, and L, are functions of the radial quantum numbers. The 0~ and
1~ splitting arises naturally from the pseudoscalar interaction among the
quarks without recourse to the hyperfine splitting mechanism in QCD
inspired type of treatments [2.3].

A prediction is that all the 0~ and 1~ mesons have the same radial
wave functions ¥ o{r) and ,(r), respectively, independent of their quark
content. The strong-interaction radius of all pseudoscalar mesons is the
same. A similar statement holds for the vector mesons. Another prediction
is the lack of unexcited 0" and 17 states mentioned before (6.10) and (8.3),
in agreement with data. .

Equation (10.1) agrees with data for the n,=0 and flavored mesons,
ie, n, K D, D,, B(0") and p, K* D, D¥ B*17) with
L,(0)— Ly(0)~0.56 GeV? (Lichtenberg, 1987), in spite of the large dif-
ference between the squares of the 7 and B masses. For the flavorless J/i
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and 7, the somewhat higher value 0.71 GeV? indicates that 4, is not a pure
c¢ state like J/i, but can contain up and down quarks, analogous to 5’ and
n. The absence of the 0~ singlet p° and the 0~ s5, xX, and bb states has
been suggested as a consequence of U(1) gauge invariance (Hoh, n.d.-b) of
(5.4) together with (5.5).

Equations (9.8b) and (9.6b) show that =° is slightly heavier than n=.
However, the difference, for usual bare quark masses (Lichtenberg, 1987)
is small compared to the greater but neglected electromagnetic self-energy.
Equations (9.6b), (9.9b), (9.11), and (7.3) predict that Ey(n') > Eg(n) >
Ey(K). However, the differences, assuming usual bare quark masses, are
smaller than those of the data.

Consider the lower limit equations (7.7) and (8.5) and take the
difference. Making use of (10.1) for the n, =0 and flavored mesons above,
one finds

d2,—d?, /4= L,(0)— Lo(0)~0.56 GeV? (10.2)

Assuming further that the d’s are equal, (10.2) yields the estimate
d,, =d,o=0.864 GeV. Inserting this value and the measured =, K, D, D,,
and B masses Ey into (7.7) and combining it with (9.6b), neglecting the
Q’s, yields the upper limits of the bare quark masses m; =m,=0.437,
m;=0.559, m, =162, m,=1.591 (from D,), and ms=4.912. The unit is
GeV. Repeat the same procedure for w, ¢, Jif, and ¥ and replace (7.7)
by (8.5). The upper limits of the bare quark masses are found to be
m; =m,=0.447, m;=0.554, m,=1.563, and m;=4.735. Both sets of
values are relatively close and may support the assumption d,,,=4d,,,
above and that the Q’s are small. These data also agree approximately with
the bare quark masses estimated in an analogous manner from baryon data
in Section 9 of Hoh (n.d.-a).

Existence of unique discrete eigenvalue type of solutions to (7.3), (7.4),
(8.3), and (8.4) has not been proven. Assuming the above estimates of 4,
these equations are solved numerically by an iterative procedure. Eigen-
value solutions satisfying the prescribed  boundary conditions appear to
converge to unique forms after a number of iterations. Two such solutions
are shown in Figs. 1 and 2 for m; =m, =10.323 in (9.8b), making use of the
n° mass. This value is less than 0.437 obtained below (10.2). The difference
is due to the omission of the confining terms in (7.4) and (8.4), corresponding
to ¢’y and ¢, in Figs. 1 and 2. For the cases represented by these figures,
the potential terms in (7.4) and (8.4) can be averaged over r weighted by
r2p2(r) and r*y?(r), respectively. The ratio of the confining term to the
Coulomb-like term in (7.4) for 0~ slightly exceeds unity. The correspond-
ing ratio in (8.4) for 1~ is about 2/3. Further, the positive eigenvalue
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E} /A— M2 in Fig. 2 becomes negative when the confining term in (8.4) is
dropped in the approximation leading to (8.5). Therefore, the confining
term plays an additional basic role here.

Let the strong interaction radii {r,)» and {r, > of the pseudoscalar and
vector mesons be defined by o ({ry>)/¥o(0)= l/ﬁ and ¥,({r D)=
maximum of ¢, (r), respectively. Figures 1 and 2 show that {(r,> =097 fm
and {r;>=>5.1fm. Another calculation with m,=m,=0393 yields
{ro»=1.01m. Thus, {r,) seems to be rather insensitive to the bare quark
mass. Experimentally, the strong interaction radius is neither well defined
nor well determined, but is of the same magnitude as the better determined
electromagnetic radius. The present values are nevertheless somewhat high,
but can be reduced if d,, and d,,, exceed 0.864.

The radially excited states such as ¥(2S), Y(25), ..., can be associated
with L,(n,;>0). Similarly, Ly(n,,>0) are assigned to radially excited 0~
states. For the angularly excited states, the nonseparability of the S=0
equations (6.10) and (7.2) in r and 9 equations prevents the usual non-
relativistic / (orbital quantum number) and » (total quantum number)
classification of mesons. Should solutions exist, they may be assigned to the
by, m,, Ky, ... mesons (Particle Data Group, 1990). k

The nonseparable S=1 equations {6.8) and (8.1) for angularly excited
states differ from the corresponding S = 0 ones above and the vector meson
equations of Section 8 in that they have more component wave functions.
Assuming that a lowest angularly excited solution exists, then the r—3
coupling again prevents the usual nonrelativistic particle classification. The
present classification is indicated by the solution of these equations near
r=0; (BS5) shows that there are three sets of solutions regular at r=0
associated with fr’, hr, and g, which in turn are associated with Y,, Y,
and Y,, respectively, in (Bl) and (B2). These states fit naturally the
observed triplets a,, the lightest f,, ¥.(1P), and y,,(1P), where v=1, 2,
and 3 (Particle Data Group, 1990). The triplet y,,(2P) and the next heavier
J, may then be assigned to the radially excited version of these states.

The members of the triplet may be regarded as different modes of the
same so-called particle, contrary to different particles as in nonrelativistic
classification schemes.

In Section 6, it was shown that

EX(K)=K2+ E? (10.3)

where Ey(K) denotes the total meson energy, can be fulfilled at K =0 and
oo. At K=0, the relative energy w, can not be determined in the present
model but is required to vanish in a quantized treatment [9]. In the K=o
limit, (6.12b) shows that wy= +|K| is possible. Therefore, it may be
conjectured that e, assumes such values that (10.3) holds.
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The K — oo limit considered at the end of Section 6 can also be viewed
from another viewpoint. Equation (4.11), dropping its right sides, may via
the inverse of (4.8) be decomposed into two massless and free fermions. This
is in agreement with the well-known phenomenon of asymptotic freedom.

APPENDIX A. SOME NOTATIONS AND DEFINITIONS

x; represents the space-time coordinates x% = (x¥, x;) = (x7, x1, x3, x3).
0y, = 0/0x{. Further,
O, =0%8(x))* — 8%/0x; (A1)
@%i =0y = — 01— 0n3
8%%3611'1: — 0+ 013 (A2)
01’ = — 01, = — 0y +i0p,
a%i = —0pyy= — 0y —i0p
These definitions also hold for the subscript I — IL

Dirac’s bispinor y, and van der Waerden’s spinors ¢4 and y,; are
related by

Xai = (Wa) + Wa)s, Xaz=(Wa)at+ (Ya)s

I//A l//A)] l//A)3= "/li l/IA)Z (l//A)4
The same holds for A — B.

(A3)

APPENDIX B. S=1 EQUATIONS AT r -0 AND o

y(x) and y(x) are expanded into vector spherical harmonics [e.g.,
Blatt and Weisskopf (1979), Appendix B]. There are three kinds of such
harmonics, each consisting of three series of products of Y, (4, ¢) and
Clebsch-Gordan coefficients. For given / and m, y'(x)= (¢', ¥ ¥*) and
x'(x)= (", % x°) are found to be

{=— 12 Ly AUFm+ DI Fm+2)
R R e F

(I+m— D[+ m)\"?
_< 2i—1) ) Y 71 8(r)

12
) Y/+1m¢1f(’)

oy (U=mt D)+ mE D\
v =) )
({—m)(I+m)\'?
+(_l(7:_1)__> Y, 1,.&(r) (B1)
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y'(x) and y(x) are eigenfunctions of the J?, J,, and S with eigenvalues
{(I+ 1), m, and 2, respectively. Here J denotes the total angular momentum
operator, J, its third component, and S the spin operator. For /=0, only
one component Y f{r) exists corresponding to (8.2). For />0, (B1)}, (B2),
and (6.8) can be separated into Y, ,, Y,, and Y,_, components associated,
respectively, with the following radial equations:

E? 1 :
[—T-’r‘an—(ﬁP(x‘—’go)‘_ZI_HAHI:If(r)

20 79 2-10 (I-1)(I+1
[ 2 )(+)]ﬁ”

T2+1]ar v or 2

/ 0
~Bogryg (57 =0

[53+M&—¢Ax»&)—m]mo

4
8 1+2 o I-1
—1%<5+~%}>fv)+EoQ;——7—>g0)=0

B I VERR OIS WL A P
4 m AX = +21+1 i—1]8(r)
20427 3% 2i+30 {(I+2)

—21+1[5r_2+ r a2 ]f(r)

I+1 /0 1+1

Eyeor—|—4+—)h
%H4<w+ r>(”

_ 6_2 20 Ki+1)
ot or r?
These radial equations are sixfold degenerate, ie., the six component
equations of (6.8) yield the same radial equation.

The standard treatment (Coddington and Levinson, 1985, Chapters 4
and 5) of (B3) is to convert it into six first-order equations and consider

the r - 0 and oo behaviors there. There are now six independent solutions,
For r —» 0, these are

Il

0 (B3)

4 (B4)
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f=frt g=+1)Q2I+3)f,  h=0
f=fr g=/I2I-1), h=0
f=g=0, h=h,r, Bl

—[—=2

f=h=0, g=g.r'"Y  g_r

where f,, g, and %, are constants. In the r » co limit,

f=g=Ff re"
h=h r-— %"

0=2(Bpnur)?/3+ 0, "

1133

(B3)

(B6)

where f,., h., 7, and «,,; are constants. Possible logarithmic terms
(Coddington and Levinson, 1955, Chapters 4 and 5) in (B6) are not

included here.
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